Abstract: From the covariant bound on the entropy of partial light-sheets, we derive a version of Bekenstein's bound: S/M ≤ πx/ , where S, M, and x are the entropy, total mass, and width of any isolated, weakly gravitating system. Because x can be measured along any spatial direction, the bound becomes unexpectedly tight in thin systems. Our result completes the identification of older entropy bounds as special cases of the covariant bound. Thus, light-sheets exhibit a connection between information and geometry far more general, but in no respect weaker, than that initially revealed by black hole thermodynamics. * On leave from the University of California.
Introduction
This paper is structured as follows. In Sec. 2, we present various entropy bounds. (A full review is found in Ref. [1] .) We note that the covariant bound on the entropy of partial light-sheets can be considered primary. That is, it directly implies the other bounds and also the generalized second law of thermodynamics. Bekenstein's bound, however, is an exception. It has not previously been identified as a special case of the covariant bound.
This gap is filled in Sec. 3, where we use the covariant bound to derive an inequality of the type introduced by Bekenstein. The basic idea of our proof is to "X-ray" a weakly gravitating matter system. Because matter bends light, initially parallel geodesics will arrive on the image plate slightly contracted. The resulting area difference, which bounds the system's entropy, is expressed as the product of the mass and the width of the system. We discuss our result in Sec. 4.
The covariant entropy bound
Given any open or closed spatial surface B at a fixed instant of time, one can always construct at least two light-sheets. A light-sheet of B is a null hypersurface generated by non-expanding light-rays which emanate from B orthogonally [2] . (Here, "lightrays" refers to past-or future-directed null geodesics of the spacetime, not to physical photons.) For example, for a spherical surface in Minkowski space, the two light-sheets will be the two light-cones ending on B.
The covariant entropy bound [2] conjectures that the entropy S of the matter on any light-sheet L of B is bounded by the surface area A(B):
where G is Newton's constant. (We set Boltzmann's constant and the speed of light to 1.) The entropy S refers to the total entropy of all matter systems that are "seen" by the light-rays generating L (systems whose worldvolume is fully intersected by L).
Whenever the entropy of partial systems can be well approximated (e.g., in cosmology, where an entropy density can be employed), it can also be included in S.
If B is a surface on the horizon of a black hole, its past-directed ingoing lightsheet intersects with all the matter systems that collapsed to form the black hole [3] . Moreover, A(B)/4G in this case represents the Bekenstein-Hawking entropy of the black hole. The bound thus guarantees that the black hole entropy exceeds the matter entropy lost to an outside observer. That is, the generalized second law of thermodynamics (GSL) [4, 5] is upheld when a black hole forms.
The GSL should also hold when a matter system falls into an existing black hole. In that case it requires that the black hole horizon area increases enough so that the additional Bekenstein-Hawking entropy compensates for the loss of matter entropy: S ≤ ∆A horizon /4G . In the form of Eq. (2.1), the covariant entropy bound does not imply this relation. This prompted Flanagan, Marolf, and Wald [3] to propose a stronger formulation, the "generalized" covariant entropy bound (GCEB),
Here A ′ is the area of any cross-sectional surface B ′ on the light-sheet L of B. S denotes the entropy of matter systems found on the portion of L between B and B ′ . Put differently, in constructing L, we are at liberty to follow each light-ray until it intersects with neighboring light-rays. (At these caustic points the light-rays begin to diverge, and the non-expansion condition becomes violated.) But nothing forces us to follow each light-ray to the bitter end. We may construct a partial light-sheet by terminating L before caustics are reached. Then the endpoints of the light-rays will span a non-zero area A ′ . It is natural to expect that the inequality (2.1) can be tightened in this case, because we are not including in S all the matter systems that could have been reached by the light-rays. Eq. (2.2) improves the bound accordingly. If L is maximally extended, then A ′ = 0, and the original form of the bound, Eq. (2.1), is recovered. The GCEB does imply the GSL for all processes involving black holes, including the absorption of a matter system by an existing black hole [3] .
Historically, the GSL preceded the recognition of entropy bounds. After estabishing the GSL [4, 5] , Bekenstein argued that its validity necessitates a bound [6, 7] on the entropy of weakly gravitating systems:
where M is the total gravitating energy, and d is the linear size of the system, defined to be the diameter of the smallest sphere that fits around the system. This expression is obtained by considering the classical absorption of the system by a large black hole; it does not depend on the dimension of spacetime [8] .
Since M ≪ d/4G for a weakly gravitating system, Eq. (2.3) implies the "spherical entropy bound",
Here A cs is the area of the circumscribing sphere. This bound has also been claimed to follow directly from the GSL by considering the formation of a new black hole engulfing the system [9] . Whether Bekenstein's bound is really necessary for the GSL is the subject of continued debate (e.g., Refs. [10] [11] [12] ). This question will not concern us here. Rather, we advocate the view that the covariant entropy bound, with its far greater range of validity [1, 2] , is primary. It gives rise not only to the GSL [3] , but also directly implies the spherical bound (2.4) [2] and Bekenstein's bound, as special cases under appropriate conditions. The first two implications have already been established. Here we shall derive the third. We will obtain Bekenstein's bound directly from the covariant entropy bound, without use of the GSL.
Derivation of Bekenstein's bound
We wish to apply the GCEB, Eq. (2.2), to an isolated, weakly gravitating matter system. We make the following assumptions:
• The metric g differs from Minkowski space only by a small perturbation δg.
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• The stress tensor T ab has support only in a spatially compact region, the world volume W of the matter system.
It is believed that all physical matter (at least when suitably averaged) satisfies the null and causal energy conditions. These conditions may also be needed for the validity of the GCEB, which however is being assumed here in any case. To derive Bekenstein's bound we shall require only the null energy condition:
We begin with some definitions valid at zeroth order in δg. Cartesian coordinates x µ (µ = 0, . . . , D − 1) cover the spacetime. The corresponding vector fields ∂/∂x µ define an orthonormal frame at every point, which we take to be a rest frame of W for convenience. (The remaining choice of spatial orientation will be exploited later.) The curves
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precisely, they define a null geodesic congruence L, with affine parameter x 1 and everywhere vanishing expansion. We will be interested only in the intersection of the hypersurface L with the world volume W of the matter system. LetB + (B − ) be the set of the first (last) points of each light-ray in W . They form (D − 2)-dimensional spatial surfaces characterized by functions x In the exact metric, we may use the same coordinates. Generically, however, the hypersurface L as defined by Eq. (3.1) will be neither null nor made of geodesics; nor is there a sense of strictly non-positive expansion. All of these qualitative conditions must hold for L to be a light-sheet; otherwise the GCEB cannot be applied. Hence we must adjust L slightly. We will define two light-sheets L ± both of which limit to L as δg → 0.
Consider the future-and W -directed light-rays orthogonal toB + . Because δg is small, their expansion will be very small (compared to the inverse width of W ). But it will not vanish exactly, and it need not be of definite sign. However,B + is embedded with codimension 1 in the boundary of W , ∂W . Thus there exists a small (non-unique) deformation ofB + within ∂W , the surface B + , whose orthogonal null geodesics have initially vanishing expansion to all orders.
2 By the null energy condition, the expansion cannot become positive away from B + [13] . Hence, the light-rays generate a light-sheet L + . Let A + be the area of B + , and let A The light-sheets L ± both fully capture the matter system W but they have opposite directions of contraction, roughly ±x 1 . We will be interested in the total change of the cross-sectional area as each light-sheet traverses W :
Let S be the entropy of the matter system, i.e., the logarithm of the number of independent quantum states accessible to any system of total mass M occupying the world volume W in a neighborhood of L ± . Both light-sheets fully contain the matter system. Hence, the GCEB implies that S ≤ ∆A + /4G and also that S ≤ ∆A − /4G . We shall make use only of the weaker statement
To calculate ∆A ± to leading order, we may continue using (x 2 , . . . , x D−1 ) to label the light-rays in L ± . We may approximate the affine parameter along each ray by ±x 1 , and the vector field tangent to the light-rays by
Let A ± be the cross-sectional area spanned by the light-ray (x 2 , . . . , x D−1 ) and its infinitesimally neighboring light-rays in the light-sheet L ± , at the (affine) position x 1 .
At each point on each of the two light-sheets, the expansion θ ± is given by the trace of the null extrinsic curvature [1] . Equivalently, it is the logarithmic derivative of A ± with respect to the affine parameter ±x 1 :
describes how the expansion changes along a light-ray. There is no twist term because the light-sheets are surface-orthogonal. The expansion and shear terms are of higher order than the stress term and can be neglected. In this approximation one can integrate Eqs. (3.4) and (3.5) for each light-ray:
− , the term proportional to G yields the fractional change in each area element dx 2 . . . dx D−1 , which can be integrated to obtain
Similarly, one finds for the light-sheet L − that
From Eq. (3.2) and (3.3) , it follows that
To continue the inequality, we replace the local width of the system, ∆x
(For convex systems, x is the separation of two planes orthogonal to x 1 , which "clamp" W ; but generally, it can be smaller than that.) This yields
where
Note that P b is a correctly normalized integral of the conserved tensor T ab over a null hypersurface (see Eq. (3.3) and, e.g., Appendix B.2 in Ref. [13] ). Since T ab vanishes outside W , the hypersurface of integration can be extended to spatial infinity without affecting the value of P b . Hence the time component of P b is the ADM energy, and the (negative) spatial components are the ADM momenta. In a rest frame, the momenta vanish by definition, and P 0 is equal to the system's ADM ("rest") mass M. We thus obtain a "generalized Bekenstein bound",
Recall that x is the largest spatial coordinate distance travelled by any light-ray in L, between first entering and last leaving the system W , in an orthonormal rest frame. Since x ≤ d, our result implies the original Bekenstein bound, Eq. (2.3).
Discussion
The generalized Bekenstein bound is tighter than the original one, because of our definition of the relevant length scale, x. Bekenstein advocated using the largest scale of the system, the circumferential diameter d. Our argument, however, allows us to use the smallest dimension. For example, if the system is rectangular with sides of length a < b < c, we are free to align the x 1 axis with the shortest edge, so that x = a. For more general shapes, the tightest bound is obtained by a minimax construction: find the greatest width of the system, x(Ω), for every orientation Ω of the system relative to the x 1 -axis; then choose the particular orientation Ω min that yields the smallest such greatest width, x(Ω min ). If the shape of the system is time-dependent, then x can be minimized not only by judicious rotations, but also by time-translations of W relative to L.
3 Independently of the shape of the system, x ≤ d for all Ω, and in particular for 3 Obviously, boosts, rotations, and translations can change the physical set-up only when applied either to L or to W alone. Of these operations, only rotations and time-translations are useful for minimizing the bound. Spatial translations are either trivial or equivalent to time translations. Boosting W is equivalent to a rotation of W followed by a boost in the x 1 direction. The latter operation is actually trivial because L is invariant under such boosts. Indeed, ∆x 1 scales inversely with P b k b under x 1 boosts of W , so that one invariably obtains the product of the rest frame quantities x and M . Ω min . For systems with highly unequal dimensions, such as a very flat box, x ≪ d.
The assumptions stated at the beginning of Sec. 3 characterize the regime in which the generalized Bekenstein bound can be applied. Our construction will not go through unless the system is complete, compact and isolated, so that initial and final surfaces of a suitable light-sheet can be constructed. The metric in the region occupied by the system must be nearly flat. This ensures that the light-sheet area decrease is small and that it is given by the product of a (well-defined) width and mass. We also insist that S is a statistical entropy [see the text above Eq. (3.2)] though it can often be thermodynamically calculated.
Thus, our derivation does not give licence to all interpretations the Bekenstein bound has received. For example, we do not find support for its application to a closed universe. Let S be the entropy of the quantum fields on a spatial three-sphere of diameter d at total energy M. (These quantities are well-defined in the absence of gravity, G = 0.) In this case the system occupies a geometry which is intrinsically curved. Unlike an isolated system in flat space, it cannot be fully covered by a partial light-sheet. Hence, the covariant bound does not imply Bekenstein's bound in this case. Indeed, violations of Eq. (2.3) were found for supersymmetric conformal field theories on spatial spheres of various dimensions [14] .
There is no evidence that the original Bekenstein bound is violated by any complete, isolated, weakly gravitating system that can actually be constructed in nature [11, 15] . It also appears to be reasonably tight, in that realistic matter can come within an order of magnitude of saturating the bound [7] . But the generalized Bekenstein bound faces challenges to which the original was immune. 4 Testing Eq. (3.14) will be important both in its own right, and as a simple check of the GCEB that obviates the computation of geodesics. Detailed examples will be presented elsewhere.
